EMBA 638 Practice Problems 		Queueing
[bookmark: _GoBack]Below, I give you some tips for solving these problems. I would recommend to practice them until you are able to differentiate between mean arrival rate and mean interarrival time; and recognize what the symbols mean. 

1.  Identify the queuing system in question:
· How many servers
· What is the arrival time distribution?
· What is the service time distribution?

2. Gather the data necessary to solve the problem:
· Need A, S, m, , .  Normally, you’ll be given the standard deviation (or variance) of service and/or interarrival time, but not , and  directly.  Then:


Note that Ts = 1/S


(Note: For exponential interarrival times: =1.  For exponential service times: )
3. Compute utilization , and then compute Lq:
· 
4. 
Compute  using the formulas below, which are always true, regardless of the queuing system you are dealing with.  








1. You are the manager of a local bank where 3 tellers provide service to customers. On average, each teller takes 3 minutes to serve a customer. Customers arrive, on average, at a rate of 50 per hour. Assume both arrivals and service times are exponentially distributed. Having recently received complaints from some customers that they have had to wait for a long time before being served, your boss asks you to evaluate the service system.
a. What is the average utilization of the three teller system?
A=50 cust/hour
Ts=3 min
S= 20 cust/hour
m=3
u=A/(mS)=50/(3*20)=.833
b. What is the average number of customers waiting in line?


c. On average, how long does a customer wait in the line before being served?
Wq=Lq/A=.0714 hrs=4.3 minutes


2. Assume a drive-up window at a fast food restaurant. Customers arrive at the rate of 25 per hour. The employee can serve one customer every two minutes. Assume both arrivals and service times are exponentially distributed.  Determine:
a. What is the average utilization of the employee?
A=25 cust/hr
S=1/2cust/min=30 cust/hour
m=1
u=A/(Sm)=25/30=.833
b. What is the average number of customers in line?


c. What is the average number of customers in the system?
Ls=Lq+A/S=4.16+.833=5 customers
d. What is the average waiting time in line? 
Wq=Lq/A=4.16/25=.166 hrs=9.98min
e. What is the average waiting time in the system?
Ws=Ls/A=5/25=.2 hours=12 min


3. At a border inspection station, vehicles arrive at the rate of 10 per minute with interarrival times exponentially distributed. For simplicity in this problem, assume that there is only one lane and one inspector, who can inspect vehicles at the rate of 11 per minute in an exponentially distributed fashion.
a. What is the average length of the waiting line?
A=10 cust /min
S=11/min
m=1
u=A/(mS)=10/11=.909



b. What is the average time that a vehicle must wait to get through the system?
Want Ws
Ls=Lq+A/S=9.09+.909=10 cust
 Ws=Ls/A=10/10=1 min
c. What is the utilization of the inspector?
U=A/(Sm)=.909


4. This problem refers to problem 3. Assume arrivals and service are exponential still.
The border inspection station is considering the addition of a second inspector. The vehicles would wait in one lane and then be directed to the first available inspector. Arrival rates would remain the same (10 per minute) and the new inspector would process vehicles at the same rate as the first inspector (11 per minute).
a. What would be the average length of the waiting line?
A=10/min
S=11/min
m=2
U=A/(Sm)=.455


b. What would be the average time that a vehicle must wait to get through the system?
Ls=Lq+A/S=.266+10/11=1.175 cust
Ws=Ls/A=.117 min=7.05 sec
If a second lane was added (one lane for each inspector):
c. What would be the average length of the waiting line?
This is like two separate systems with one server each.
So for each lane:
A=5/min (half since half go to each lane)
S=11/min
M=1
U=A/(Sm)=.455


d. What would be the average time that a vehicle must wait to get through the system?
Ls=Lq+A/S=.38+5/11=.83 cust
Ws=Ls/A=.17 min=10 sec

(for parts (c) and (d), assume that customers cannot accurately determine the number of        customers in each lane, and therefore join one of the two lanes randomly and stay in that lane).



5:  An integrated petroleum company is considering expansion of its one unloading facility at its Australian refinery. Due to random variations in weather, loading delays, and other factors, ships arriving at the refinery to unload crude oil arrive according to the exponential distribution with an average arrival rate of 8 ships per week.  Service time is also exponential with an average service rate of 12 ships per week.

a) What is the average number of ships waiting to gain access to the single unloading facility?
A=8 ships/week, S=12 ships/week, u=8/12=.667, m=1

· 1.33 ships
b) What is the average time a ship must wait before beginning to deliver its cargo to the refinery?


c) What is the average total time (waiting plus actual delivery) that a ship spends at the refinery?


 Ls=Lq+ = 1.33 + .667 = 2 ships
Ws=Ls/A=.25 weeks

6. Consider the same company as in 5. The company has under consideration a second unloading berth that could be rented for $6,000 per week. The service time for this berth would also be exponential with the same service rate of 12 ships per week as the company’s own berth.  The opportunity cost of making a ship wait is $30,000 per week.

a) If the second berth is rented, what will be the average number of ships waiting?

We need to calculate Lq for m=2. A=8, S=12, m=2, u=A/(mS)=.333



b) What would be the average time a ship would wait?

Wq=Lq/A=0.102/8≈0.0127 hours

c) Is the benefit (in dollars) of reduced waiting time worth the rental cost for the second berth?

Look at the waiting time in the queue for the cases with one berth and two berths:

· The opportunity cost with one berth: 
	1.33 ships*30000$/ship-week=39990$/week
So the total cost with one berth is 6000+39990 = $45990/week
· The opportunity cost with two berths:
	0.102 ships/week*30000$/ship-week=3051.5$/week
	So the total cost with two berths is 12000+3051.5=15051.5
Thus, the savings from opportunity cost is $36938.5 that is greater than the rental cost of $6000. Yes, it is worth the rental cost.

7.  Consider the same company as in 5.  An alternative way to improve unloading facilities is for the company to modify the current operations to speed up the unloading process.  Specifically, the new service time would still be exponential, but with a mean service rate of 15 ships per week.  The incremental cost of the new operations would be $ 4,000 per week.

a) Compute the (new) average number of ships waiting.

A=8, S=15, m=1, u=A/S=.533
=.608 ships

			
b) Compute the (new) expected waiting time and total time for ships.
Wait time: Wq=Lq/A=.608/8=.076 weeks
Ls=Lq+A/S=.608+.533= 1.14 ships
Ws=Ls/A= 1.14/8=.143 weeks			

c) Is the benefit worth the incremental cost?

Compare the opportunity costs by looking at the change in Wq

· The opportunity cost with slow service was:
	1.33 ships*30000$/ship-week=39990$/week
So the total cost with slow service is 6000+39990 = $45990/week

The opportunity cost with fast service is
	0.61 *30000$/ship-week=18276$/week
So the total cost with fast service is 28276$/week

Thus, the savings from opportunity cost is 21714$/week that is greater than the rental cost of 4000$. Yes, it is worth the rental cost.

8.  Assume a drive-up window at a fast food restaurant. The exact interarrival time and service time distributions are not known, but the average and std deviation has been measured. Customers arrive at the rate of 23 per hour. The standard deviation of the interarrival time is 9 minutes. The restaurant has installed automation and the service time is an average of 2.5 minutes with a standard deviation of .5 minutes.
 
A) Fill in the table.

	A
	23 cust/hour = .3833 cust/min

	Average interarrival time
	2.61 min

	S
	24 cust/hour=.4 cust/min

	Ts
	2.5 min

	u
	23/24=.958

	m
	1

	CAIAT
	Std/avg=9 min/2.61 min=3.46

	CVST
	Std/avg=.5/2.5=.2




B) What is the average utilization of the employee?
.958
C) What is the average number of customers in line?

D)  What is the average number of customers in the system?

E) What is the average waiting time in line?

F) What is the average waiting time in the system?
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